Abstract. For each d ∈ N we construct a 3-generated group H d , which is a subdirect product of free groups, such that the cohomological dimension of H d is d. Given a group F and a normal subgroup N ⊳ F we prove that any right angled Artin group containing the special HNN-extension of F with respect to N must also contain F/N . We apply this to construct, for every d ∈ N, a 4-generated group G d , embeddable into a right angled Artin group, such that the cohomological dimension of G d is 2 but the cohomological dimension of any right angled Artin group, containing G d , is at least d. These examples are used to show the non-existence of certain"universal" right angled Artin groups.
Introduction
A right angled Artin group, also called a graph group or a partially commutative group in the literature, is a group which has a finite presentation, where the only permitted defining relators are commutators of the generators. To get such a group, one normally starts with any finite simplicial graph Γ, with vertex set V Γ and edge set EΓ, and defines the associated right angled Artin group A = A(Γ) by the presentation
The structure of these groups and their subgroups has been a subject of intensive study in the recent years. The results of Haglund, Wise and Agol [13, 26, 1] show that many previously studied groups (e.g., one-relator groups with torsion, limit groups, fundamental groups of closed hyperbolic 3-manifolds) virtually embed into right angled Artin groups. Thus the class of subgroups of right angled Artin groups is rather rich. However, the first theorem about right angled Artin groups, proved by Baudisch in [4] , asserts that a 2-generated 1 subgroup of a right angled Artin group is either free or free abelian. In particular, there exists a single right angled Artin group (e.g., Z * Z 2 ) which contains all two-generated subgroups of right angled Artin groups. In [9] Casals-Ruiz and Kazachkov ask whether a similar fact is true for n-generated subgroups of right angled Artin groups:
Question 1 ([9, Question 1]). Given n ∈ N, does there exist a "universal" right angled Artin group which contains all n-generated subgroups of arbitrary right angled Artin groups?
Let A denote the class of all groups which are isomorphic to subgroups of (finitely generated) right angled Artin groups. Motivated by Question 1, in this note we show that there are no "universal" right angled Artin groups for various subclasses of the class A. We start with the following statement, where F 2 denotes the free group of rank 2, F d 2 denotes its d-th direct power and cd(H) denotes the cohomological dimension of a group H over the integers. 
Since F d
2 is a right angled Artin group, Proposition 1.1 shows that the answer to Question 1 is negative already for n = 3. Indeed any group containing all H d , d ∈ N, must have infinite cohomological dimension, but it is well-known that the cohomological dimension of a right angled Artin group A, associated to a finite graph Γ, is finite and equals to the clique number of Γ 2 (in particular, cd(A) ≤ |V |). In other words, cd(A) = max{|U | | U ⊆ V Γ such that {u, v} ∈ EΓ for all distinct u, v ∈ U }.
It is now natural to wonder whether imposing a bound on the cohomological dimension, in addition to the bound on the number of generators, would help. Namely, one can ask whether for every n ∈ N there is a single right angled Artin group which contains all n-generated groups G ∈ A with cd(G) ≤ n. To show that this is not the case, we employ special HNN-extensions.
Let F be a group and let N F be any subgroup. The special HNN-extension of F with respect to N is the group G defined by the (relative) presentation
If G and A are groups then we will write G ֒→ A to say that G can be isomorphically embedded into A. Theorem 1.2. Suppose that F ∈ A and N ⊳ F is a normal subgroup such that F/N ∈ A. Let G be the special HNN-extension of F with respect to N , defined by presentation (1) . Then
The main technical result, used in the proof of Theorem 1.2, is Proposition 5.2 below, which implies that any right angled Artin group containing the special HNN-extension (1) , with N ⊳ F , must also contain the quotient F/N . Given any d ∈ N, let us apply Theorem 1.2 to the case when F is the free group of rank 3 and N ⊳F is the normal subgroup such that F/N ∼ = H d , where H d is the group from Proposition 1.1. Then the special HNN-extension G d , of F with respect to N , will be generated by 4 elements and will belong to the class A by Theorem 1.2. And for any right angled Artin group A with
On the other hand, we see that cd(G d ) = 2 because G d is not free and acts on a tree with free vertex stabilizers (cf. [8, Ex. 4 in Ch. VIII.2]). Thus we obtain the following corollary:
The above corollary shows there there exists no "universal" right angled Artin group containing all 4-generated groups from A of cohomological dimension 2.
The next naturally arising question could ask whether for a given n ∈ N there are right angled Artin groups containing copies of all finitely presented n-generated groups G ∈ A. This question seems to be more subtle. The groups H d from Proposition 1.1 are not finitely presented (see Remark 3.2 below), and a result of Bridson and Miller [7] implies that finitely presented subdirect products of free groups, intersecting each of the factors non-trivially, are virtually surjective on pairs, which shows that they are quite scarce. In [6] Bridson, Howie, Miller and Short extended this result to finitely presented subgroups in direct products of finitely generated fully residually free groups (a.k.a. limit groups). We use this generalization to prove the following theorem. 
In Remark 3.6 we give an estimate δ(n) ≤ 2 18n 3 for all n ∈ N. This estimate is not sharp, and it would be interesting to see whether there exists a polynomial (or even a linear) upper bound for δ(n) in terms of n. Theorem 1.4 implies that no finitely presented analogues of the groups H d from Proposition 1.1 can be found among subgroups of direct product of free groups: Corollary 1.5. Given any n ∈ N, every n-generated finitely presented subgroup H of a direct product of finitely many free groups can be embedded into F
We would also like to mention another corollary of Theorem 1.4 concerning residually free groups, which may be of independent interest. It is known that every finitely generated residually free group G can be embedded in the direct product of finitely many limit groups (see Baumslag, Myasnikov and Remeslennikov [5] , Kharlampovich and Myasnikov [16] , or Sela [23] ). In the case when G is finitely presented Theorem 1.4 can be used to give a bound on the number of factors: Corollary 1.6. Let G be an n-generated finitely presented residually free group, for some n ∈ N. Then G can be embedded into the direct product of at most δ(n) limit groups.
Using the commutative transitivity of limit groups it is easy to show that for any d ∈ N the residually free group H d from Proposition 1.1 cannot be embedded into the direct product of less than d limit groups. Thus it is not possible to remove the assumption that G is finitely presented in Corollary 1.6.
Unfortunately the characterization of finitely presented subdirect product of free groups given by Bridson and Miller in [7] does not extend to finitely presented subgroups of more general right angled Artin groups. And while Theorem 1. A celebrated theorem of Higman, Neumann and Neumann [15] states that any countable group H can be embedded into a 2-generated group G; moreover, one can take G to have the same number of defining relations as H. It is natural to ask if there is an analogue of this statement within the class A: Question 3. Does there exist n ∈ N such that every group H ∈ A can be embedded into some n-generated group G ∈ A? Can one choose such G to be finitely presented, in addition to being generated by n elements?
Note that by the theorem of Baudisch [4] , mentioned above, the number n in Question 3 must be at least 3.
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Proof of Proposition 1.1
Proof of Proposition 1.1. Let F = F (x, y, z) be the free group of rank 3 with the free generating set {x, y, z}. Given any d ∈ N, choose any elements w 1 , . . . , w d ∈ x, y F which freely generate a free subgroup of rank d in x, y ∼ = F 2 . For each i = 1, . . . , d, define the normal subgroup L i ⊳ F as the normal closure of the element z −1 w i , and let
By construction, for every i the quotient F/L i is canonically isomorphic to the rank 2 free subgroup x, y
F by the choice of w 1 , . . . , w d (because the elements w
In view of the symmetry, we can deduce that
Finitely presented subdirect products of limit groups
The goal of this section is to prove Theorem 1.4 and Corollaries 1.5,1.6 formulated in the Introduction.
Let H be a subgroup of the direct product P := F 1 × · · · × F m of some groups F 1 , . . . , F m . Recall that H is called a subdirect product if it projects surjectively onto each of the direct factors. Following [6] we will say that H is virtually surjective on pairs (VSP) if for any pair of distinct indices i, j ∈ {1, . . . , m} the image of H under the canonical projection ρ ij : P → F i ×F j has finite index in F i × F j . Let N i := H ∩ ker ρ i ⊳ H, i = 1, . . . , m, where ρ i : P → F i denotes the canonical projection to the i-th coordinate.
Remark 3.2. In [7] Bridson and Miller proved that if a finitely presented subdirect product of free groups intersects each of the direct factors non-trivially then it is VSP . It follows that for any d ∈ N, the group H d , constructed in the proof of Proposition 1.1, is not finitely presented.
is an infinite group because it has a presentation with 3 generators and two relators (in particular, it surjects onto Z).
The following elementary observation will be useful. Lemma 3.3. Suppose that H and F are groups and ψ i : H → F , i = 1, 2, are two epimorphisms. Assume that H is generated by some subset X ⊆ H, and let M ⊳ F denote the normal closure of the subset {ψ 
If H is n-generated, for some n ∈ N, then m ≤ γ(n).
Proof. Let F denote the free group of rank 2. By the assumptions, for every i = 1, . . . , m, there exists an epimorphism ψ i : H → F whose kernel contains N i .
Suppose that some elements x 1 , . . . , x n ∈ H generate H, and let u ik := ψ i (x k ) ∈ F , k = 1, . . . , n, i = 1, . . . , m. For any two distinct indices i, j ∈ {1, . . . , m} let L ij := ker ψ i ker ψ j ⊳ H and let M ij be the normal closure of the subset {u
in u jn } in F . By construction, the group H/(N i N j ) maps onto the group H/L ij , and the latter group maps onto the group F/M ij by Lemma 3.3. Since |H/(N i N j )| < ∞ by the assumptions, the group F/M ij must also be finite whenever 1 ≤ i < j ≤ m.
Let {D l F } ∞ l=1 denote the Jennings-Zassenhaus filtration of the free group F for the prime p = 2. Namely, D l F := {f ∈ F | f − 1 ∈ I n }, where I is the augmentation ideal of the group ring K[F ] and K is the field of two elements. Then D l F is a normal subgroup of finite index in F for each l ∈ N, and F = D 1 F D 2 F . . . . Now, for the given n ∈ N choose τ := 2/3 and r := ⌈2 log 2 (3n)⌉ ∈ N (so that nτ r < 2τ − 1), and set γ(n) := |F/D r F | n ∈ N. Let us show that m ≤ γ(n). Arguing by contradiction, suppose that m > γ(n). Then, by the pigeon hole principle, there must exist a pair of indices i, j ∈ {1, . . . , m}, i < j, such that u ik ≡ u jk (mod D
the Golod-Shafarevich theorem (see [11] ) implies that the group F/M ij must be infinite. This contradiction shows that m ≤ γ(n), finishing the proof of the proposition.
Remark 3.5. We can estimate the value of γ(n), for the choice of τ = 2/3, r = ⌈2 log 2 (3n)⌉ and the field of two elements K, as follows. Let Y be a generating set for the free group F with |Y | = 2. Then, for any l ∈ N, the vector space I l /I l+1 , over K, is spanned by the elements
Thus γ(n) ≤ 2 18n 3 −n for all n ∈ N. For any ε > 0 by taking the parameter τ to be very close to 1/2 (but still larger than 1/2) and choosing an appropriate r we can get a better estimate γ(n) ≤ 2 Cn 2+ε −n , where C will be some large constant depending on τ .
Recall that a group G is said to be residually free if for every g ∈ G \ {1} there exists a free group F and a homomorphism φ : G → F such that φ(g) = {1} in F . The group G is fully residually free if for every finite subset S ⊆ G there is a homomorphism from G to a free group whose restriction to S is injective. Finitely generated fully residually free groups are commonly called limit groups. These groups play an important role in the study of the first order theory of free groups (see [16, 23] ).
In [6] Bridson, Howie, Miller and Short proved that a finitely presented subgroup of a direct product of finitely many non-abelian limit groups, which is subdirect and intersects each of the direct factors non-trivially, must be VSP. We will now use this result to prove Theorem 1.4.
Proof of Theorem 1.4. Let ρ
Since finitely generated subgroups of limit groups are also limit groups, we can replace each F i by ρ i (H) to further assume that H is subdirect.
After renumbering, if necessary, we can suppose that F 1 , . . . , F s are abelian and F s+1 , . . . , F d are non-abelian limit groups, for some s ∈ {0, . . . , d}. Let H 1 and H 2 denote the images of H under the canonical projections to F 1 × · · · × F s and F s+1 × · · · × F d respectively. Since {1} = F i ∩ H ⊆ F i ∩ H 1 for all i = 1, . . . , s, the rank r, of the free abelian group H 1 , must be at least s. On the other hand, r ≤ n because H 1 is n-generated, as a quotient of H, and the free abelian group of rank r cannot be generated by fewer than r elements. Hence s ≤ n.
Note that H 2 is finitely presented as a quotient of the finitely presented group H by a finitely generated central subgroup Z := H ∩ (F 1 × · · · × F s ) (F 1 × · · · × F s is a free abelian group of rank at most ns, so Z can be generated by no more than ns elements). By construction, H 2 F s+1 × · · · × F d is a subdirect product of non-abelian limit groups intersecting each factor non-trivially. Therefore, by [ 
From Lemma 3.1 it follows that |H 2 : N i N j | < ∞ for all s + 1 ≤ i < j ≤ d, where N i ⊳ H 2 denotes the kernel of the projection onto F i , i = s + 1, . . . , d. Since H 2 /N i ∼ = F i is a nonabelian limit group for i = s + 1, . . . , d, it has an epimorphism onto F 2 , so all the assumptions of Proposition 3.4 are satisfied, and we can use it to conclude that d−s ≤ γ(n). Thus, d ≤ δ(n), where δ(n) := n + γ(n) for all n ∈ N, and the theorem is proved.
Remark 3.6. In view of Remark 3.5 we can estimate that δ(n) ≤ n + 2 18n 3 −n < 2 18n 3 for all n ∈ N.
If a subgroup H, of a direct product F 1 × · · · × F m , has trivial intersection with one of the factors, then H is isomorphic to its image under the projection away from this factor. So we can always find an embedding of H into F i 1 × . . . F i k , for some {i 1 , . . . , i k } ⊆ {1, . . . , m}, such that H ∩ F i j = {1} for every j = 1, . . . , k. In view of Theorem 1.4, this observation together with the fact that every finitely generated free group embeds into F 2 yields Corollary 1.5. Corollary 1.6 is obtained similarly, by first embedding the finitely generated residually free group G into the direct product of finitely many limit groups (which can be done by [5, Cor. 19] ; see also [16, Cor. 2] or [23, Claim 7.5]), and then removing the redundant direct factors that intersect the image of G trivially.
Background on right angled Artin groups
Let Γ be a finite simplicial graph with vertex set V Γ = V and the edge set EΓ = E. For any vertex v ∈ V , the link link Γ (v) ⊆ V is defined as the set of all vertices of Γ adjacent to v (not
If there is no such decomposition, then U is said to be irreducible.
Let A = A(Γ) be the right angled Artin group, associated to Γ. Then the elements of V can be thought of as generators of A, and every element g ∈ A can be represented by a word w over the alphabet V ±1 . The support of w is the set of all vertices v ∈ V such that either v or v −1 appears in w. The length |g| Γ and the support supp Γ (g), of g ∈ A, are defined as the length and the support of a shortest word over V ±1 representing g in A, respectively. It is a standard fact that |g| Γ and supp Γ (g) only depend on g and are independent of the choice of a shortest word representing it.
Right angled Artin groups are special cases of graph products of groups, when all the vertex groups are infinite cyclic (see [2, Subsec. 2.2] for some background on graph products).
Given any subset U ⊆ V Γ, the subgroup A U A, generated by U , is called a full subgroup (or a special subgroup) of A. It is not difficult to see that A U is naturally isomorphic to the right angled Artin group corresponding to the full subgraph Γ U of Γ, spanned by the vertices from U . Moreover, A U is a retract of A, where the canonical retraction ρ U : A → A U is defined on the generating set V of A by the formula ρ U (u) = u if u ∈ U and ρ U (v) = 1 if v ∈ V \ U .
Any conjugate of a full subgroup in A is said to be parabolic. Every subset M ⊆ A is contained in a unique minimal (with respect to inclusion) parabolic subgroup Pc Γ (M ), which is called the parabolic closure of M in A (see [2, Prop. 3.10] ).
An element t ∈ A is cyclically reduced if it has minimal length in its conjugacy class in A. Servatius [24, Prop. on p. 38] proved that for every element g ∈ A there exist u, t ∈ A such that g = utu −1 , t is cyclically reduced and |g| Γ = |t| Γ + 2|u| Γ . If t ∈ A and H A then we will write C H (t) and N A (H) to denote the centralizer of t in H and the normalizer of H in A respectively. 
Proof. Suppose that st m s −1 = t m for some s ∈ A. Then (sts −1 ) m = t m , and since right angled Artin groups have the Unique Root property (see, for example, [21, Lemma 6.3]), we can deduce that sts −1 = t. Thus C A (t m ) ⊆ C A (t). The reverse inclusion is obvious, hence the lemma is proved.
Special HNN-extensions in right angled Artin groups
In this section we give a criterion for embedding the special HNN-extension of a group with respect to a normal subgroup into a right angled Artin group. The next lemma uses the obvious fact that the class of right angled Artin groups contains the infinite cyclic group and is closed under forming free and direct products.
Lemma 5.1. Suppose that F is a subgroup of some right angled Artin group A, N ⊳ F and F/N is embeddable into some right angled Artin group B. Then the special HNN-extension (1) can be embedded into the right angled Artin group C := A × (B * t ), where t denotes the infinite cyclic group generated by t.
Proof. Abusing the notation, let us assume that F A and F/N B. Let φ : F → B denote the natural homomorphism with ker(φ) = N and im(φ) = F/N . Clearly the subgroup
A × B is isomorphic to F and F ∩ A = N . Now, let G be the subgroup of C = A × (B * t ) generated by F and t.
Evidently, t commutes with (a, b) ∈ A×B in C if and only if b = 1, thus C F (t) = F ∩A = N . This naturally gives rise to a homomorphism ψ : G → G, defined according to the formula ψ(f ) := (f, φ(f )) ∈ F and ψ(t) = t, where G is the special HNN-extension (1), of F with respect to N . Obviously ψ is surjective, so it remains to show that it is injective. This can be easily done by using normal forms: suppose that g ∈ G \ {1}.
So, suppose that n ≥ 1 and let ρ : C → B * t denote the canonical retraction. Then ρ(ψ(g)) = φ(f 0 )t k 1 φ(f 1 ) · · · t kn φ(f n ) is a non-empty reduced word in the free product B * t , hence ρ(ψ(g)) = 1. Therefore ψ(g) = 1 in C, and ψ is injective.
Thus G ∼ = G C, and the lemma is proved.
Let A be a right angled Artin group associated to a finite graph Γ with vertex set V = V Γ. Recall that for any subset M ⊆ A, Pc Γ (M ) denotes the parabolic closure of X in A (see Section 4).
Proposition 5.2. Let F be a subgroup of A, and let t ∈ A be an element such that Pc Γ (G) = A, where G := F, t A. Suppose that N := C F (t) is a normal subgroup of F . Then N ) ), where the second inclusion was proved in [2, Lemma 3.12] . Suppose that Pc Γ (N ) = hA X h −1 for some X ⊆ V and some
Let us prove (ii) now. Clearly, after replacing t, F and N with their conjugates by the same element, we can assume that t is cyclically reduced in A (note that this does not affect the equality Pc Γ (N ) = A X , as A X ⊳ A). Let supp Γ (t) = T 1 ⊔ · · · ⊔ T k be a decomposition into the disjoint union of non-empty irreducible subsets
are not proper powers and n i ∈ N for i = 1, . . . , k.
In [24] Servatius showed that the centralizer, C A (t), is generated by t 1 , . . . , t k and S := link Γ (supp Γ (t)) ⊆ V . In other words,
For every i ∈ {1, . . . , k}, let ρ i : A → A T i denote the canonical retraction. Suppose that ρ j (N ) = {1} for some j ∈ {1, . . . , k}. Evidently, since N C A (t), we have
for some m j ∈ Z \ {0}. Recalling that N ⊳ F , we see that ρ j (N ) ⊳ ρ j (F ). Since ρ j (N ) ∼ = Z, as right angled Artin groups are torsion-free, we can use Lemma 4.1 to conclude that ρ j (N ) is actually central in ρ j (F ) (see [3, Lemma 9 .1] for an alternative proof), thus ρ j (F ) C A T j (t m j j ). Therefore, applying Lemma 4.1 one more time, we see that
After renumbering, if necessary, we can assume that there exists l ∈ {0, 1, . . . , k} such that
, together with (3), implies that Pc Γ (N ) A Z , where Z := l j=1 T j ∪ S ⊆ V . In the previous paragraph we have shown that ρ j (F ) t j whenever 1 ≤ j ≤ l. Let ρ S : A → A S denote the canonical retraction. Since A Z is canonically isomorphic to the direct product
Special HNN-extensions play an important role in group theory. For example, Higman used them in the proof of his famous embedding theorem -see [14] and [20, Ch. IV.7] . In particular he showed that if F is a finitely generated group and N ⊳ F is such that the special HNNextension (1) can be embedded into a finitely presented group then the quotient F/N can also be embedded into a finitely presented group. Proposition 5.2 allows us to obtain the following analogue of the latter statement, where the class of finitely presented groups is replaced by the class of right angled Artin groups. F is a group, N ⊳ F and G is the special HNN-extension (1) , of F with respect to N . Then the following are equivalent:
Corollary 5.3. Suppose that
Proof. The implication (a)⇒(b) is given by Lemma 5.1. To prove the reverse implication, assume that G ֒→ B for some right angled Artin group B, corresponding to a finite simplicial graph Γ ′ . Evidently, since F G, we have F ∈ A.
Note that A := Pc Γ ′ (G) is a right angled Artin group, corresponding to some full subgraph Γ of Γ ′ . Moreover, the parabolic closure Pc Γ (G), of G in A, is A itself. This is because every parabolic subgroup of A is a parabolic subgroup of B and A is the minimal parabolic subgroup of We are now ready to prove Theorem 1.2 from the Introduction.
Proof of Theorem 1.2. Claim (i) is an immediate consequence of Lemma 5.1. Suppose that G ֒→ A for some right angled Artin group A. Abusing the notation, let us identify G with its isomorphic image in A. Arguing as in the proof of Corollary 5.3, we can replace A with a parabolic subgroup to ensure that A is the parabolic closure of G. As before, we know that C F (t) = N by Britton's lemma, hence F/N embeds in A by Proposition 5.2, and claim (ii) holds.
It is not difficult to see that the group G d from Corollary 1.3, formulated in the Introduction, is not finitely presented for any d ∈ N. This is because the normal subgroup N ⊳ F , with F/N ∼ = H d , cannot be finitely generated (as it is both infinite and has infinite index in the free group F -see [20, Prop. I.3.12] ), and the special HNN-extension (1) is finitely presented if and only if F is finitely presented and N is finitely generated. One can overcome this obstacle by using the famous construction of Rips [22] , where the free group is replaced by a hyperbolic group. there is a group S with a normal subgroup K ⊳ S such that S is the fundamental group of some compact non-positively curved square complex, K is finitely generated and S/K ∼ = Z d . Moreover, Theorems 5.5, 5.7 and 4.2 from [13] imply that S contains a finite index subgroup F such that F ∈ A.
Let N ⊳ F be the intersection of F and K. Note that N is finitely generated as |K : N | ≤ |S : F | < ∞, and F/N is still isomorphic to the free abelian group of rank d (because it has finite index in S/K). Now, let P d be the special HNN-extension of F with respect to N . By Theorem 1.2, P d ֒→ A and for any right angled Artin group A, containing P d , one has Z d ֒→ A, hence cd(A) ≥ d.
Let X ⊆ N be some finite generating set of N . Then P d can be defined by the (relative) presentation
Observe that S is finitely presented, as the fundamental group of a finite square complex, hence F is finitely presented as well. Equation (4) shows that a presentation for P d can be obtained from a finite presentation of F by adding one generator and finitely many defining relations, thus P d is also finitely presented.
Finally, cd(S) ≤ 2 as S is the fundamental group of a 2-complex with contractible universal cover, therefore cd(F ) ≤ 2. And since P d is an HNN-extension of F , we can conclude that cd(P d ) ≤ cd(F ) + 1 = 3 -see [8, Ex. 4 
